The purpose of the paper is to investigate the global existence of solutions to initial value problems for nonlinear fractional differential equations on the semi-axis. More precisely, it deals with the initial value problem
Introduction
Let R + := (0, ∞) denote the set of all positive real numbers, let α be a real number such that 0 < α < 1, and let f : R + × R → R be a continuous function. The purpose of our paper is to provide sufficient conditions on f ensuring the existence of solutions to the nonlinear fractional differential equation D α 0+ x(t) = f (t, x(t)), t ∈ R + , (1.1) where D α 0+ is the Riemann-Liouville fractional derivative of order α. We are looking for solutions to (1.1) in the space C 1−α (R + ), consisting of all functions x ∈ C(R + ) for which the limit lim t→0+ t 1−α x(t) exists in R. More precisely, we submit every solution x of (1.1) to an initial condition of the form lim
We work under the following hypothesis on f :
(H). There exist β ∈ R such that 0 ≤ β < α as well as two functions p, q : R + → [0, ∞) such that p ∈ C β (R + ), q ∈ C 1−α (R + ), and |f (t, x)| ≤ p(t)|x| + q(t) for all (t, x) ∈ R + × R.
(1.3)
We notice that our hypothesis (H) is weaker than that imposed by Kou, Zhou and Yan [3, Eq. (3.5) ]. They worked under the assumption that f satisfies (1.3), but required that p and q are bounded. In what follows we do not require the boundedness of neither p nor q.
On the other hand, Zhao and Ge [7] worked in their paper under the assumption that f satisfies an inequality of the form |f (t, x)| ≤ p(t)ω |x| 1 + t α−1 .
Although ω can be an arbitrary continuous nondecreasing function, it is assumed that p ∈ L 1 ([0, ∞) ). In what follows we do not require neither the integrability of p over [0, ∞).
We notice also that Kou, Zhou and Yan [3] did not work on the whole space C 1−α (R + ), but only on its subspace defined by E := x ∈ C 1−α (R + ) lim t→∞ t 1−α x(t) 1 + t 2 = 0 .
Endowed with an appropriate norm, E becomes a Banach space. A similar remark is valid for the paper by Zhao and Ge [7] , too. Unlike them, in our paper we are working on the whole space C 1−α (R + ). We endow it with the topology induced by a sufficient family of seminorms. With respect to this topology, C 1−α (R + ) becomes a Hausdorff locally convex space which is metrizable and complete.
Preliminaries
For the reader's convenience, in this section we briefly recall some basic facts on Riemann-Liouville fractional integrals and Riemann-Liouville fractional derivatives (see the monographs by Miller and Ross [4] or Podlubny [6] for further details).
Definition 2.1. The Riemann-Liouville fractional primitive of order α of a function x : R + → R is defined by
provided the right side is pointwise defined on R + . For instance, I α 0+ x(t) is defined for each t ∈ R + whenever x belongs to
is the space of all real-valued functions defined on R + which are Lebesgue integrable over every bounded subinterval of R + . Definition 2.2. The Riemann-Liouville fractional derivative of order α of a function x : R + → R is defined by
provided the right side is pointwise defined on R + .
Remark 2.3. If f : R + × R → R is a continuous function satisfying the hypothesis (H), and x ∈ C 1−α (R + ), then the function
T. Trif P r o o f. Indeed, clearly the function (2.1) belongs to C(R + ). By (1.3) we have
On the other hand, the function
and let M := max{M 1 , M 2 }. For every t ∈ (0, 1] we have
whence the conclusion comes. 
By Lemma 2.1, (1.2), and (2.3) we deduce that c = x 0 , hence x satisfies (2.2). Conversely, suppose that
hence x satisfies (1.1). On the other hand, by (2.2) and Lemma 2.1 it follows that x satisfies (1.2), too. 2
The locally convex space
On the linear space X := C 1−α (R + ) consider the family P :
Let T denote the topology induced by P on X. Then (X, T ) is a Hausdorff locally convex space. The family
is a neighbourhood-base at the origin of X with respect to T . Moreover, since { B 1/m,n | m, n ∈ N } is a countable neighbourhood-base at the origin of X, the topology T is metrizable. It can be proved that the topology T ρ induced on X by the metric ρ, defined by
coincides with T .
T. Trif
Theorem 3.1. A sequence (x k ) of functions in X converges to 0 with respect to T if and only if it satisfies the following conditions: 
is a sequence of functions in X, converging to 0 with respect to T . In order to prove (i), let C be a nonempty compact subset of R + , and let a :
Next let ε > 0, let ε := εa 1−α , and let n be a natural number such that n ≥ b. Since B ε ,n is a neighbourhood of 0 with respect to T , there exists
Therefore, (x k ) converges uniformly to 0 on C. In order to prove (ii), let ε > 0. Since B ε,1 is a neighbourhood of 0 with respect to T , there exists k 0 ∈ N such that p 1 (x k ) ≤ ε for all k ≥ k 0 . Then for all k ≥ k 0 and all t ∈ (0, 1) we have
Sufficiency. Suppose now that (x k ) is a sequence of functions in X satisfying (i) and (ii). In order to prove that (x k ) converges to 0, let V be an arbitrary neighbourhood of 0 with respect to T . Choose ε > 0 and n ∈ N such that B ε,n ⊆ V . By (ii) it follows that there exists δ > 0 and
From this inequality we deduce that
By (3.1) and (3.2) we conclude that P r o o f. Let (x k ) be a Cauchy sequence in (X, T ). We show first that (x k (t)) is a Cauchy sequence of real numbers for every t ∈ R + arbitrarily chosen. Let t ∈ R + , and let ε > 0. Set ε := εt 1−α and select a natural number n such that n ≥ t. Since B ε ,n is a neighbourhood of 0 with respect to T , there exists k 0 ∈ N such that x k − x ∈ B ε ,n for all k, ≥ k 0 . Then for all k, ≥ k 0 we have
) is a Cauchy sequence in R for every t ∈ R + . Let x : R + → R be the function defined by
We claim that (x k − x) k∈N converges uniformly to 0 on every compact set C ⊂ R + . Next let ε > 0, let ε := εa 1−α , and let n ∈ N be such that n ≥ b. Since B ε ,n is a neighbourhood of 0 with respect to T , there exists k 0 ∈ N such that x k − x ∈ B ε ,n for all k, ≥ k 0 . Then for all k, ≥ k 0 and all t ∈ C we have
Letting → ∞ we conclude that
Therefore (3.3) holds, as claimed. In particular, by (3.3) it follows that x ∈ C(R + ). Next we claim that for every ε > 0 there exists k 0 ∈ N such that
Indeed, let ε > 0. Since B ε,1 is a neighbourhood of 0 with respect to T , there exists k 0 ∈ N such that x k − x ∈ B ε,1 for all k, ≥ k 0 . Then we have
hence (3.4) holds. Finally, we claim that x ∈ C 1−α (R + ). In order to show that the limit lim t→0+ t 1−α x(t) exists in R it suffices to show that for every ε > 0 there exist a > 0 and δ > 0 such that the inequality
holds for all t, s ∈ (0, a) with |t − s| < δ. So let ε > 0 arbitrarily chosen. By (3.4) it results that there exists k 0 ∈ N such that
Select a natural number k such that k ≥ k 0 . Since lim t→0+ t 1−α x k (t) exists in R, there exist a > 0 and δ > 0 such that
Without losing the generality we may assume that a ≤ 1. Then for all t, s ∈ (0, 1) with |t − s| < δ we have
Consequently, the limit lim t→0+ t 1−α x(t) exists in R and x ∈ C 1−α (R + ), as claimed. By (3.3) and (3.4), based on Theorem 3.1, it follows that (x k − x) converges to 0, i.e., (x k ) converges to x with respect to T . 2
Theorem 3.3. Let Y be a subset of the metrizable locally convex space (X, T ) which satisfies the following conditions:
(i) Y is pointwise bounded on R + ; (ii) Y is equicontinuous on R + ; (iii) Y is equiconvergent at 0+, i.e., for every ε > 0 there exists δ > 0 such that for all y ∈ Y and all t ∈ (0, δ) one has
Then Y is relatively compact in (X, T ). 
It is well-known that ( X, T ) is a locally convex space which is metrizable and complete.
Associate with every function x ∈ C 1−α (R + ) the function x :
By (i), (ii), and (iii) it follows that Y := { y | y ∈ Y } is pointwise bounded and equicontinuous on R + 0 . By Ascoli's theorem it follows that Y is relatively compact in ( X, T ).
In order to prove that Y is relatively compact in (X, T ), let (y k ) be any sequence in Y , and let ( y k ) be the corresponding sequence in Y . Since Y is relatively compact, there exist y ∈ X as well as a subsequence ( y k j ) of ( y k ) such that ( y k j ) converges to y with respect to T . Then ( y k j − y) j∈N converges uniformly to 0 on every compact set C ⊂ R + 0 . Let y : R + → R be the function defined by y(t) := y(t)/t 1−α for all t ∈ R + . Obviously, we have y ∈ C 1−α (R + ). By a reasoning similar to that already used in the proof of claim (3.3) one can easily deduce that (y k j − y) j∈N converges uniformly to 0 on every compact set C ⊂ R + . 
Main result
Theorem 4.1. If β is a real number such that 0 ≤ β < α, and p ∈ C β (R + ) and q ∈ C 1−α (R + ) are nonnegative functions, then for every y 0 ∈ R the linear integral equation
has a unique solution y ∈ C 1−α (R + ). 
Let h > 0, and let T :
and all t ∈ (0, h]. By Lemma 2.1 it follows that T is well defined. We claim that for all y, z ∈ C 1−α ([0, h]), all t ∈ (0, h], and all n ∈ N one has
where T n denotes the nth iterate of T ,
We proceed by induction on n.
In order to prove that (4.2) holds for n = 1, we notice that
Therefore (4.2) holds indeed for n = 1. Assuming that (4.2) holds for some n ∈ N, let us prove that it holds for n + 1, too. We have
This shows that (4.2) holds for n + 1. By (4.2) we deduce that
Since Γ is increasing on [2, ∞), for every n > n 0 one has
,
Therefore, for all n > n 0 and all y, z ∈ C 1−α ([0, h]) one has
it follows that for sufficiently large n the operator T n is a contraction. We are now in the position to state and prove the main result of our paper. 
for all x ∈ X and all t ∈ R + . By Lemma 2.1 it follows that T is well defined. We need to prove that T has at least one fixed point x ∈ X. Further, let y 0 := 1 + |x 0 |, and let y ∈ X be the unique solution to the linear integral equation (4.1). Then we have y(t) > 0 for all t ∈ R + . Indeed, otherwise it would exist t 0 ∈ R + such that y(t 0 ) = 0 and y(t) > 0 for all t ∈ (0, t 0 ). But then, according to (4.1) we would have
which is a contradiction. In the complete Hausdorff locally convex space (X, T ), introduced in Section 3, consider the set defined by
Since the convergence of a sequence in X with respect to T implies the pointwise convergence of that sequence (see Theorem 3.1), it is immediately seen that Z is a nonempty closed convex subset of X.
We claim that T (Z) ⊆ Z. Indeed, for every z ∈ Z and all t ∈ R + one has
whence T z ∈ Z.
(b) Next we claim that T is continuous on Z. To this end, let x be any point in Z, and let V be an arbitrary neighbourhood of T x in X with respect to T . Choose r > 0 and n ∈ N such that T x + B r,n ⊆ V . Set
and M := max{M 1 , M 2 }. Further, let z ∈ Z and t ∈ (0, 1] be arbitrarily chosen. Since
for all s ∈ R + , a computation similar to that performed in the proof of Lemma 2.1 shows that 
From (4.8), (4.9) and (4.10) we get by virtue of (4.5). Now due to (4.7) and (4.11) we may conclude that
whence T z − T x ∈ B r,n . Therefore T z ∈ T x + B r,n ⊆ V . Since z ∈ U was arbitrarily chosen, we deduce that T (U ) ⊆ V , hence T is continuous at x.
(c) Finally, we claim that the image T (Z) is relatively compact in X. To prove this, we show that T (Z) satisfies the conditions (i), (ii), and (iii) in Theorem 3.3. From (4.3) it follows that T (Z) is pointwise bounded on R + . In order to establish the equicontinuity of T (Z) on R + , let t 0 ∈ R + be arbitrarily chosen. Select real numbers a and b such that 0 < a < t 0 < b and set 
T. Trif
Choosing p(t) := 1 t 1/4 + ln t and q(t) := 1/t 1/3 , we see that p ∈ C 1/4 (R + ), q ∈ C 1/3 (R + ) and (1.3) holds. Therefore, the hypothesis (H) is satisfied with β = 1/4. Since 2α − β − 1 > 0, Theorem 4.2 guarantees that the initial value problem (4.17) has at least one solution x ∈ C 1/3 (R + ).
We point out that neither Theorem 3.1 in the paper by Kou, Zhou and Yan [3] , nor Theorem 4.1 in the paper by Zhao and Ge [7] can be applied to (4.17).
